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XII-Maths Determinants
Determinant :

Every square matrix A = [a;;] of order n, is associated with a number (real or complex)

called determinant of the square matrix A, where a;; = (i, j)™ element of A.

[t is denoted by |A| ordet A or A

if A =2 5], then determinant of A is written as |A| = |2 5’\ — det(A)

Note :

(i) For matrix A, |A| is read as determinant of A and not modulus of A.

(ii) Only square matrices have determinants.
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XII-Maths Determinants

Determinant of a matrix of order One :

Let A = [a] be the matrix of order 1 x 1,

then determinant of A is defined to be equal to a.

lal] = a
Examples:
A=141]., = |A]l =4
A=[-2]i., = |Al=-2
A=10]1., = |Al =0
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Determinant of a matrix of order two :

Examples:

A

Determinants

let A = [a11 312] be a matrix of order 2 x 2.
dp; dp
a;; a
det(A) = |A] = A = ‘a:; az‘ = dy1d; — A1d1
5 4 _5
= =(4x6)-(3x5)= - =
6 |A| 3><6 ( ) — ( ) =24 -15=09
2 2. =3
3 Pl = | > =(2x2)-(1x-3) =4+3 =7
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Evaluate ‘_21 ; .
Evaluate ‘ 2 K 1‘ :
X — 1 X
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XII-Maths Determinants

2 4

Evaluate ‘_1 5| -

dip  dip

= dji1dpy — dz1di)
dziq azzl

2 3] =22) - 4(-1)

=4 +4=28
Evaluate ‘ X S 1‘.
X — 1 X
X X+ 1] _ N _
L X XS] = x00 - (x+ 1)(x - 1)

X% — (x? - 1)

X2 -x2+1=1
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XII-Maths Determinants

Determinant of a matrix of order 3 X 3 :
Determinant of a matrix of order three can be determined by expressing it
in terms of second order determinants
Consider the determinant of square matrix A = [aj]3x3
di; dj2 dj3

|A| — 321 E|22 323 (_1)1+1 . [(_1)5um of suffixes in all]

331 332 333 (_1)1+2 : [(_l)sum of suffixes in 312]
(i) Expansion along first Row (Ry) :

d d d d d d
— (=1)1+1 3 ' 22 23' + (=1)1+2 3 ' 22 23' + (=1)1+3 3 ' 22 23'
(-1) O P (-1) 2 (a5 an (-1) 3 |ay,  as

= a31(a; @33 = @3 @p3) — @12(31 @33 — @31 Ax3) + A13(3y1 A3, — A3y Ay))

dyi dpp dz3z — djyp dzp dpz — djp dpp dzz + Ay Azp dpz + dyz dyy dzp — djgz dzg Ay
There are six ways of expanding a determinant of order 3

corresponding to each of three rows (Ry, R, & R;)

and three columns (Cy, C; & C3). A diclasses.com



XII-Maths Determinants
(ii) Expansion along second Row (R,) :
diy dyp dj3

dy; dyy; d3
d3; d3; ds3

Al =

a;, a a;; a a;; a
= (=1)2+1 3 ‘ 12 13‘ + (-1)2+2 3 ‘ 11 13‘ + (-1)2+3 3 ‘ 11 12‘
(-1) 21 |a,,  ass (-1) 2 |3, a.. (-1) 2 |a,,  an,

- a31(@13 @33 — @3y A;13) + a(a1; as3 — as; A13) — ax3(a1; asx — as; Agy)

— dy; dyp Az3 + Ayp Az Ay3 + Ay Ay Azz — Ay Az Ayz — dpz djpg Aszy t+ Ayz Azp dpd

dij dyy ds3 — djpp dp3 dzp — dip dpp dzz t+ Ajp dp3 Azp + A3 Ay A3y — djpz dzp Ay
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XII-Maths Determinants

(iii) Expansion along first Column (C,):

Al = @51 @y  ay3

d d d d
(-1)1+1 811‘ 22 23‘ + (=1)1+2 821‘ 12 913

d d
+ (-1)1+3 3 12 13‘
ds; ds3 ds; 333‘ (=1) o

dp; dj3

a11(@2; @33 — @3 A33) — @z1(a12 @33 — @13 A33) + as1(a1z a3 — a3 az))

= djy dpp dz3 — djj dp3 d3p — dpp djp dzz t+ dpp djy3 dzp + dzp Ay dpyz— dizp dgz Ay

di1 dpp dsz3 — djyp dpz A3y — djyp dpg dzz t+ Ayp A3 A3y + A3 Ayy Azp — djgz Azg Ay

Values of |A] in (i), (ii) and (ii) are equal.

Expanding a determinant along any row or column gives same value
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1 2 4
Evaluate the determinantA=([—-1 3 0
4 1 0
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XII-Maths Determinants

1
Evaluate the determinant A = [—-1
4

H WN
o oh

In the third column, two entries are zero.

So expanding along third column (C3), we get

1 2 4 1 2
A=l4_3 4 =4"‘1 ﬂ—oﬁ 2-+0‘ ‘

=4(-1x1-4x3)-01x1-4x2)+0(1x3-(-4) x 2)

4(-1-12)-0+0

-52
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0 Sinaa —COS o
Evaluate : A = |—Sinh a 0 sin B |.
cosa -sinf 0
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Evaluate :

0 sina —CoSa
A = |—Sina 0 sin B
cCosoa -—sinf 0
0 Sina —COS a
—sin a 0 sin 3 expanding along R,
cosa —sinp 0
0 sin N Y i -Sin «a
of . Pl _ smql Sina sin Bl _ cogq
-sin 3 0 COS o COS «

0 - sina(0 = sinp cosa) — cosa(sina sinp = 0)

Sina. SiNP cosa — cosa. sina sinf = 0

A

0

0
-sin (3

Determinants
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XII-Maths Determinants

: : 3 X| _ 1|3 2
Find values of x for which |X 1| = |4 | -
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Determinants

Il
I
o1

— 3 - X?

=3+ 5

e - X2 =8

+ 2V/2

= X
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XII-Maths Determinants
Properties of Determinants

Property 1 :

The value of the determinant remains unchanged if its rows and columns are interchanged.

dy dp as
b, b, b;
C; G G3

Al = A = Expanding A along first row

= a;(b, ¢ = b3 ¢;) — ax(b; ¢5 — bscy) + as(b; ¢; — ¢4 b,)

By interchanging the rows and columns of A

d D G
At =la, b, © Expanding A4 along first column
ds; D3 C3

= a;(b,Cc3 — cybs) — ay(bycs - bscy) + as(bic,; - bycy)

ﬁ=A1
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Properties of Determinants
Property 1 :

Determinants

If A is a square matrix, then det(A) = det (A"), where AT = transpose of A.

If R, = i" row and G = it column,

C. < R indicates interchange of rows and columns.
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2 -3 5
Verify property 1 forA=|[6 0 4|.
1 5 -7
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XII-Maths Determinants

2 -3 5
Verify property 1 forA =16 0 4.

1 5 -7
Expanding the determinant along first row, we have

_ .0 4 e 6 4 6 0| _ ~ s ~
5_2‘5 - (3)‘1 L4532 =200 - 20) + 3(-42 - 4) + 5(30 - 0)

=-40 - 138 + 150 = -28
By interchanging rows and columns

2 6 1
A, =13 0 5 Expanding along first column
5 4 -7
510 51, .6 1 6 1|
= 2‘4 _7‘ ( 3)‘4 _7‘ + 5[ 3| = 2(0 - 20) + 3(-42 - 4) + 5(30 - 0)

= -40 - 138 + 150 = -28

Clearly A = A4 Hence, property 1 is verified. Adiclasses_com



XII-Maths Determinants

Properties of Determinants
Property 2 : If any two rows (or columns) of a determinant are interchanged,

then sign of determinant changes.
d; dp d3

b; b, b;
¢ G GC3

= a;1(b, c3 — b3 ¢;) — ay(by ¢3 — bscy) + az(by ¢; — ¢4 by)

Al = A = Expanding A along first row, we get

A = a1b2 Cai a1b3 R — a2b1 Cs + azb3C1 + a3b1 Cy, — dsCy b2

Interchanging first and third rows (R; < R3), the new determinant is A,

C;i C GC3
A, = |b, b, bs| Expanding A, along third row, we get
a; a, as

= a;(Ccybs — byc3) — ay(cibs — ¢c3by) + as(b,c; - bicy)

— _[ale C3 — a1b3 C, — azbl Cs + azb3C1 + a3b1 C, — as¢y bZ]

A = -A A diclasses.com
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